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Bearing-Compass Formation Control:
A Human-Swarm Interaction Perspective
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Abstract—The paper considers the distributed formation control
problem given bearing-only sensing of nearby agents with
respect to a global vector frame, provided by a compass.
We propose a bearing-compass control law and prove its
convergence to a formation that is unique up to translation
and scaling. We present results that describe the formation’s
evolution in terms useful to a human operator, focusing on
scale, translation and rotation of the formation. The results are
supported with a number of illustrative examples.
Index Terms—Distributed Control; Human-Swarm Interaction;
Bearing-Only Control

I. I NTRODUCTION
Formation control is an important problem in robotics. Significant of late is the problem’s formulation from a distributed
point-of-view, where an individual robotic agent only uses
local information for its operation [1], [2]. By restricting the
scope of an individual agent, the system as a whole becomes
more robust to agent failure and scalable to larger numbers
of agents. A common strategy employed in the literature is
to generate an agent control law that relies on information
obtained about other nearby agents or landmarks. One such
approach uses relative bearing information and steers the
agent perpendicular to these unit bearing vectors [3].
There are many approaches to distributed formation control,
characterized by the states an agent can observe of its
neighbors. One approach requires knowledge of the relative
position of neighboring agents, either in Cartesian or polar
coordinates [2]. This method is simple to implement, but
requires more information than other methods. Another common approach requires knowledge of the relative distance of
neighboring agents [2], [4]. This information can be obtained
for example by the strength of the received wireless communication signals. The method used in this work requires
knowledge of the relative bearing of neighboring agents for
example from a monocular camera [5]. A mix of range and
bearing information can also be used, for example when a
subset of agents has the full relative position of a subset of
neighbors [6], or when the distance between agents can be
estimated using bearing measurements [7].
There are many works in the literature that use a bearing-only
approach to formation control [8], [9], [10], [11], [12]. We
complement these works by further incorporating a single
additional sensor, a compass, to localize the rotation. This
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allows a human operator to provide global commands to
the swarm without relying on external infrastructure, like
GPS. Several results regarding the behavior of the control
law and its stability are presented. In particular, we examine
properties that would be of interest to a human operator.
Our contribution lies in the analysis of the bearing-only
control problem from the perspective of a human operator.
Being able to rotate, scale, and translate a formation using
high-level commands is appealing since they are intuitive for
a human operator to execute. In this paper, we show scale and
centroid invariance and formation convergence with unforced
dynamics for the proposed control laws. We also examine
how the agents translate and scale in the presence of arbitrary
additive control signals, focusing on the effects from one or
two agents. Finally, we examine the behavior of the system
when a single command to rotate or translate is broadcast to
all agents.
The structure of the paper is as follows. In §II, we present
background and notation used throughout this paper. §III
contains the bearing-compass model formulation. In §IV and
§V, we discuss properties relating to the unforced and forced
dynamics, respectively. Finally, we present some concluding
remarks in §VI.
II. BACKGROUND
In this section, we provide a brief background on the notation
that is used in this paper. We define the vector 1n as the
length n vector of all ones, ei as the vector with ith element
1, and all other elements 0, and eij = ej − ei . The matrix
In , or I, denotes the n × n identity matrix. The notation kvk
refers to the 2-norm, or magnitude, of v. The normalized
v
. The Kronecker product
vector of v is denoted as v̂ = kvk
of matrices A and B is denoted as A ⊗ B. Given vectors
p, q ∈ R2 , the perpendicular
of p is p⊥ = R90 p, where

⊥
R90 = e2 −e1 ∈ R2×2 , exhibiting properties (−p) =
⊥
− (p) , pT q ⊥ = −q T p⊥ and pT p⊥ = 0.
Agent positions in 2-D space at time t are represented
by the vector r(t) = [ r1 (t)T r2 (t)T · · · rn (t)T ]T ,

T
where ri (t) = xi (t) yi (t)
and agent i is at position (xi (t), yi (t)). For convenience we refer to the initial
condition r(0) as r0 . An undirected graph G = (V, E) is
characterized by nodes V and edges (i, j) ∈ E, i, j ∈ V . The
pair (r, G) represents a set of agents that can communicate
or observe each other over the edge set in G, with n = |V |
total agents having two-dimensional positions r ∈ R2n×1 and
m = |E| unweighted edges. We denote the vector from agent
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i to agent j as rij = rj − ri . We define the set of neighbors
of agent i as j ∈ N (i) if (i, j) ∈ E, where N (i) is called
the neighborhood
of i. The Laplacian matrix of G is defined
P
as L(G) = (i,j)∈E eij eTij . If G is connected then L(G) is a
rank n − 1 positive semidefinite matrix with L(G)1 = 0 and
second smallest eigenvalue λ2 (G) > 0 [2].
Two types of stability considered in this paper are almost
global exponential stability and ultimately bounded stability.
An equilibrium of ẋ = f (x) having almost global exponential stability means that the solution converges exponentially
to the equilibrium for every initial condition contained in an
open and dense set whose complement is a set of Lebesgue
measure zero. Consequently, the domain of attraction of the
equilibrium is the whole space r ∈ Rn , excluding a closed
set of Lebesgue measure zero. The solutions of ẋ = f (x)
are ultimately bounded with ultimate bound b if there exists
a b and c such that for every 0 < a < c, there exists a
T = T (a, b) > 0 such that kx(0)k ≤ a =⇒ kx(t)k ≤
b, for all t ≥ T .
III. M ODEL

(a)

(b)

(c)

(d)

Figure 1: Bearing constraints which are a) desired (and realizable) and b) non-realizable. Formations which correspond
to c) a realizable bearing, but not a parallel rigid, set and d)
a parallel rigid set.

We assume that there is a collection of agents each equipped
with a compass and a sensor which can measure bearing to
nearby agents, as defined by the edges in G. Further, since G
is undirected, it is assumed that if an agent i can “see” agent
j, that agent j can also “see” agent i.
The 2-D formation we desire is defined by the bearing of
each agent i relative to a global reference vector measured
from its neighbors N (i). An example of such a global
reference vector is north measured using a compass, while
the relative bearings can be measured using a bearing sensor
such as a monocular camera. Consequently,
there are 2m

T
ˆ
bearing constraints of the form fij = cos θij sin θij
for neighboring agents i and j where θij is the desired
bearing of j from i, depicted in Figure 1a. We denote the
set of desired unit vectors defined over G, which can be time
varying, as Θ(G, t) := {fˆij (t)}. If the underlying graph is
apparent then we refer to the set simply as Θ(t).
To achieve the bearing constraints Θ(t), we use a particle
model for the dynamics,
ṙi
ui (Θ(t))

= ui (Θ(t)) + ũi

X 
r̂T fˆ⊥ r̂⊥ ,
=
ij ij

ij

(1)

j∈N (i)

where fˆij ∈ Θ(t) and ũi is an external additive control
input on agent i. When Θ(t) is constant for all t and
apparent from the context, then we refer to ui (Θ(t)) as
simply ui . Given a vehicle not represented by a particle
model, a more complicated control law can generally be used
to track this virtual particle [4]. It is worth mentioning that
kui k ≤ |N (i)|, which is finite if the number of agents is
finite. We can subsequently bound the control required of an
individual agent by limiting the number of neighbors it can
observe.

(a)

(b)

Figure 2: a) Model vector definitions. b) Geometry pertaining
to Theorem 3.
For convenience we write the unforced
ui as ui =

 control
P
−2
⊥
T ˆ⊥
r
r
f
u
,
where
u
=
kr
k
ij
ij
ij which corij ij
j∈N (i) ij
responds to the contribution of agent j on the unforced
dynamics of agent i. We note that uij = −uji , and figure 2a
denotes the components of uij .
Before proceeding we briefly mention the required conditions
on Θ to achieve a realizable 2-D formation that is also rigid,
i.e., unique up to scaling and translation. There are many
works in the literature regarding so-called formation rigidity
[8], [11], [13], [14]. Consider the set
n
T
r1T r2T · · · rnT
χ (Θ) =
∈ R2n
o
T ˆ⊥
: r̂ij
fij = 0 for all fˆij ∈ Θ
composed of all 2-D n-agent positions that satisfy Θ. If χ (Θ)
is non-empty then Θ is referred to as a realizable bearing set
[8]. Examples of a realizable and non-realizable bearing set
can be seen in Figure 1b. Further, if every pair of position
vectors in a realizable bearing set χ(Θ) is equivalent to every
other up to 2-D scaling and translation then Θ is called a
parallel rigid set [8]. Figures 1c and 1d provide examples of
non-parallel-rigid and parallel-rigid sets. A linear algebra test
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for parallel rigidity using the rank of the bearing-constrained
rigidity matrix, as well as a graph theoretic test, has been
formulated by Bishop et al. [8]. Henceforth, we shall consider
only parallel rigid sets Θ.
IV. U NFORCED P ROPERTIES
The following section explores some of the characteristics
of the proposed dynamics (1). Important to human-swarm
interaction is that the unforced dynamics should perform in a
“predictable” fashion. One example of this is the maintenance
of scale and centroid through transient dynamics. These
are the first features that we explore. The second feature
we investigate is the efficient convergence to a feasible
formation.

(a)

(b)

Figure 3: Convergence to an equilateral triangle from a) a
right triangle and b) random initial conditions. Initial and
final positions are marked with open and closed circles,
respectively, and the centroid by a larger solid circle. The
bearing constraint formation is marked with dashed lines.

Invariant Properties: Key to understanding the nuances of
the dynamics is the examination of underlying invariant properties. The following two propositions
P shows the dynamics
preserve both the centroid C(r) = n1 i∈V ri and “scale” of
P
2
the dynamics defined as S(r) = i∈V kri − C(r)k .
Proposition 1. Under the unforced dynamics (1), the centroid
of the formation C(r) is constant.
Proof: Examining the time derivative of the centroid with
ũi = 0 for all i ∈ V , and
dynamics
P writing the
P
P in terms of
1
1
the edges, ∂C(r)
=
ṙ
=
i∈V i
i∈V
j∈N (i) uij =
∂t
n
n
P
1
(u
+
u
)
=
0.
ij
ji
(i,j)∈E
n
Proposition 2. Under the unforced dynamics (1), the scale
S(r) is constant.
Proof: Without loss of generality, assume C(r) is initially at
the origin. From Proposition 1, C(r) is static. Examining the
time derivative of the scale S(r) with ũi = 0 for all i ∈ V ,
X
X
X
1 ∂
S(r) = rT ṙ =
riT ui =
riT
uij
2 ∂t
i∈V
i∈V
j∈N (i)
X
X
T
rij
uij
riT uij + rjT uji = −
=
(i,j)∈E

(i,j)∈E

= −

X
(i,j)∈E

=

T
rij

1


2

krij k



T ˆ⊥
⊥
rij
fij rij

T ˆ⊥
X rij
fij T ⊥
−
2 rij rij
krij k
(i,j)∈E

Figure 4: Random initial position on 7 agents, converging to
an asymmetric formation.
stable equilibrium that the formation almost always acquires
as ξ(r, Θ) = {f ∈ χs (Θ) : C(r) = C(f ), S(r) = S(f )}.
Theorem 3. Under the dynamics (1), r (t) will converge
to χ(Θ). Specifically given the initial position r0 , the equilibrium ξ(r0 , Θ) is almost globally exponential stable. Fur√1
λ2 (G)2 cos2 δ for
ther, the rate of convergence is
2m

S(r0 )

r0 ∈ Dr (δ) := {r ∈ Rn | kr − ξ(r, Θ)k ≤ 2 krk sin δ} and
δ ∈ [0, π2 ).
Proof: Without loss of generality, let the centroid of r0 be
the origin. Let f = ξ(r0 , Θ). Consequently, kr0 k = kf k and
C(f ) = 0. Applying the change of variable z = r − f as
rij = zij + fij then for each i ∈ V ,
X
T ˆ⊥ ⊥
r̂ij
fij r̂ij
żi =
j∈N (i)

=

= 0.


Figures 3 and 4 provide examples of the conservation of C(r)
and S(r) for varying bearing constraint sets Θ and initial
conditions.
Lyapunov Stability : We proceed to show the convergence of the dynamics to a feasible formation r ∈ χ(Θ).
More precisely, the following result details almost global
convergence to the set of stable equilibrium
χs (Θ) =
n
o
T ˆ
ˆ
r ∈ χ(Θ) : r̂ij fij = 1 for all fij ∈ Θ , i.e., the feasible
formations in which all rij ’s are parallel to fij . The unstable
equilibrium are composed of those feasible formations antiparallel to χs (Θ), namely the equilibrium set χu (Θ) =
χ(Θ) \ χs (Θ). To aid the analysis, we refer to the unique

=

1

X

2

T ⊥
⊥
(zij + fij ) fˆij
(zij + fij )

2

(zij + fij ) := gi (z, f ).

j∈N (i)

kzij + fij k

X

T ˆ⊥
zij
fij

j∈N (i)

⊥

kzij + fij k

Consider the Lyapunov function V (z) =
derivative
X
V̇ (z) = z T ż =
ziT gi (z, f )
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1 T
2z z

with time

i∈V

=

X

T T ˆ⊥
−zij
zij fij

(i,j)∈E

kzij + fij k

2

= −

X

⊥

(zij + fij )

T ˆ⊥
zij
fij
2

(i,j)∈E

kzij + fij k

(2)

T ⊥
T ⊥
zij
zij + zij
fij



=

−

2

X

T ⊥
zij
fij

(i,j)∈E

kfij k kzij + fij k

2.

As V̇ (z) ≤ 0 and V̇ (z) = 0 if and only if z ∈ χ then r ∈ χ
and r(t) converges to χ.
We proceed to establish almost exponential stability. Note
3
2
that 4 kf k ≥ max kfij k (max kzij k + max kfij k) ≥
2
T
kfij k kzij + fij k for all (i, j) ∈ E, (eij ⊗ I2 ) z = zij ,
T
⊥
and (eij ⊗ R90 ) f = fij
. Then

2
X
−1
T
V̇ (z) ≤
z T (eij ⊗ I2 ) (eij ⊗ R90 ) f ⊥
3
4 kf k (i,j)∈E
X
 2
−1
T
z T eij eTij ⊗ R90
f .
=
3
4 kf k (i,j)∈E
Pm
Pm
2
1
Applying the fact that i=1 qi2 ≥ m
( i=1 qi ) for qi ∈ R
for all i then
X
 2
−1
T
V̇ (z) ≤
z T eij eTij ⊗ R90
f)
(
3
4 kf k m (i,j)∈E
X
 2
−1
T
=
eij eTij ⊗ R90
f)
(z T
3
4 kf k m
(i,j)∈E
 2
−1
T
=
f
z T L(G) ⊗ R90
3
4 kf k m
2
−1
zT h ,
=
3
4 kf k m

T
f.
where h := L(G) ⊗ R90
From scale invariance (Proposition 2), kf k = krk =
kz + f k, i.e., z lies on a sphere about −f of radius f . Since
z lies on this sphere, z T h = 0 at only two points; when
z = 0 and z = −2f , i.e., the end points of a diameter chord
of the sphere touching the origin. Consequently, the vector h
T
is tangent
 to the sphere and so z h = kzk khk cos δ where

δ ∈ 0, π2 is the angle between z and the tangent line aligned
with h, and as z is on a sphere then kzk = 2 kf k sin δ. Figure
2b depicts this geometry.
For z ∈ D(δ) = {z ∈ Rn | kzk ≤
δ} where δ ∈
22 kf k sin
2
2
[0, π2 ), then r ∈ Dr (δ) and z T h ≥ kzk khk cos2 δ for
all z ∈ D. Hence, for z ∈ D(δ),
−1
2
2
khk cos2 δ) kzk
V̇ (z) ≤ (
3
4 kf k m
−1
2
≤ (
khk cos2 δ)V (z).
3
4 kf k m
T

As the centroid of f is at the origin then (1n ⊗ I2 ) f = 0
and so f has no component aligned with the two zero eigenT
, thus khk ≥ λ2 (G) kf k.1 Therefore,
values of L(G) ⊗ R90
−1
2
2
λ2 (G)2 kf k cos2 δ) kzk
V̇ (z) ≤ (
3
4 kf k m
−1
2
λ2 (G)2 cos2 δ) kzk
= (
4m kf k
2

:= −c3 kzk = −2c3 V (z).

(3)

1 A necessary condition for the set Θ to be parallel rigid is that G is
connected and as such λ2 (G) > 0 [8].

Therefore, the dynamics converges exponentially to z = 0
in the domain z ∈ D(δ) at the rate 2c3 . Further, noting that
the dynamics converges globally to z = 0, corresponding
to r = f ∈ χs (Θ), except at z = −2f (an unstable
equilibrium), corresponding to r = −f ∈ χu (Θ), then the
dynamics will converge
p almost globally. Applying the fact
that kf k = kr0 k = S(r0 ) as C(r0 ) = 0, the result follows.
The convergence rate in Theorem 3 highlights initial condition and graph properties that promote the model’s stability
performance. The equilibrium will take longer to acquire for
initial conditions with a large scale. This is a product of
the previously mentioned limited-control authority of each
agent i with bounded control of N (i). The error correction
component of the control law stems from the alignment of
T ˆ⊥
r(t) with the formation f represented by the gain r̂ij
fij . For
large misalignments with rij ’s close to being anti-parallel
with fˆij , this term will be small. The term cos2 δ encapsulates
the effect of this on the convergence, with cos2 δ → 0 as
δ → π2 and so slowing convergence.
The eigenvalue λ2 (G) is a well known measure of network
connectivity [2], and so (on the same number of edges) the
model will converge more rapidly with increased connectivity
(G)2
can be applied
of the underlying graph. The role of λ2 m
to the selection of performant network topologies. Suitable
candidates include those graphs where λ2 (G) scales well with
the number of edges m, such as random regular graphs and
expander graphs [15]. Increasing λ2 (G) also provides an
impetus for adding more edges than required for a minimally
rigid formation [8].
Figure 3 demonstrates the effect of the initial condition on
the formation with a smaller δ in (a) converging faster than
the larger δ in (b). The less favorable topology in Figure 4
(G)2
compared to Figure 3 results in a slower
with small λ2 m
convergence, demonstrating the importance of graph structure
on the rate of convergence.
V. F ORCED P ROPERTIES
Now that we have studied how the unforced system behaves,
a natural extension is to examine how the system responds to
an external control added to one or more agents. Specifically,
we consider nonzero additive ũ’s for a subset of agents
and/or a time-varying Θ(t), appearing in dynamics (1). We
examine the effect of control from; an arbitrary agent set
with differing control inputs, dubbed non-broadcast control
and all agents applying a common control, dubbed broadcast
control. Motivated by intuitive human-swarm interaction with
the formation dynamics, we focus on control strategies that
can scale, translate and rotate the formation while preferably
maintaining other features of the formation.
Additive Control: We first consider the additive control via
the ũi terms. To realize this type of control in a human-swarm
scenario would require a non-broadcast control signal to be
sent to each agent with ũi 6= 0. The following proposition
examines the effects of additive control on the centroid and
scale under the dynamics (1).
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= n1 (ũi + ũj ) = n1 (−u + u) = 0. Without
tion 4 is ∂C(r)
∂t
loss of generality, assume that the centroid is at the origin.
The change in the scale from Proposition 4 is
X
1X
1 ∂S
=
riT (ũi −
ũj )
2 ∂t
n
i∈V
j∈V


= riT ũi + rjT ũj = −riT u + rjT u
=
(a)

(b)

Figure 5: a) Control applied to top agent, resulting in a
scale and a translation. b) Top and bottom-left agents apply
a control to move away from one another, resulting in a pure
scale amplification while maintaining the centroid.
Proposition 4. Under non-zeroPadditive control for the
dynamics (1), ∂C(r)
= n1 i∈V ũi and ∂S(r)
=
∂t
∂t
P
P
T
2 i∈V (ri − C (r)) (ũi − n1 j∈V ũj ).
Proof: Applying the invariant properties from Propositions 1
and 2,
1X
1X
1X
∂C(r)
=
ṙi =
(ui + ũi ) =
ũi
∂t
n
n
n
i∈V

i∈V

i∈V

and
1 ∂S(r)
2 ∂t

=

X

T

(ri − C (r)) (ṙi − Ċ (r))

i∈V

1X
ũj
n
i∈V
j∈V
X
1X
T
ũj ).
=
(ri − C (r)) (ũi −

n
=

X

i∈V

T

(ri − C (r)) (ui + ũi −

j∈V

A consequence of this result is that if a single agent, say agent
i, applies a non-zero external control input, then the centroid
will always shift in the direction of the applied
control,
´t
= n1 ũi , and so C(r) = n1 0 ũi + C(r0 ).
namely ∂C(r)
∂t
T
Further, as ∂S
∂t = 2 (ri − C(r)) ũi , changes in the centroid
are coupled to changes in scale. In fact, movement away
from the centroid will expand the formation while movement
towards will contract it. Figure 5a provides an example of a
constant control applied to a single agent demonstrating the
translation and scale of the formation.
Another result following from Proposition 4 is that control
of two agents can achieve scaling without translation of the
formation. This scaling, unlike for the single agent case,
can be achieved without knowledge of the direction of the
centroid. This observation is summarized in the following
corollary.
Corollary 5. If two agents, not necessarily adjacent in G, apply equal magnitude controls along the vector between them
but in opposite directions, the centroid remains stationary
while the scale S(r) decreases when the agents move towards
one another, and increases otherwise.
Proof: Consider two agents i and j having a forced control
ũi = −ũj = −u. The change in the centroid from Proposi-

T

T
(rj − ri ) u = rij
u.

T
Since u is parallel to rij , then rij
u = − krij k kuk if the
T
agents move towards one another and rij
u = krij k kuk
∂S
if they move apart. Consequently, ∂t = ±2 krij k kuk ,
i.e., the dynamics experience a pure scaling proportional to
the magnitude of the forced control input and the distance
between agents applying the control.

An example of Corollary 5 can be seen in Figure 5b, whereby
the formation is scaled while the centroid remains stationary.
To complement Corollary 5 we examine a scenario whereby
pure translation without scaling can occur. This can be
achieved using a broadcast control approach where all agents
apply the same control magnitude and direction, i.e., a
common additive ū. In practice, broadcast communication
scales well with the size of the network since no agentspecific communication is required.
Corollary 6. If all agents i ∈ V have the same external
control ũi = ū, then the centroid C(r) moves as ū, without
scaling.
Proof: Follows directly from Proposition 4.
Rotation Control: We examine a non-additive type of broadcast control, one that dynamically rotates the unit vectors in
Θ at a constant rate. We consider the time varying bearing
set Θ(t) = {fˆij(t)}, with fˆij (t)  = R(θ(t))fˆij for all
cos θ − sin θ
fˆij ∈ Θ, R(θ) =
is the rotation matrix,
sin θ
cos θ
and θ̇ = ω ∈ R is constant. This control law can be realized
by broadcasting to all agents simultaneously the value θ̇. The
dynamics becomes

X 
T ˆ⊥
⊥
r̂ij
fij (t) r̂ij
.
(4)
ṙ =
j∈N (i)

The equilibrium trajectory f (t) of (4) is a rotation of the
formation f = ξ(r0 , Θ) about its centroid, i.e., f (t) =
(In ⊗ R(θ(t))) (f − C(f )). It is straight forward that C(r)
and S(r) will be constant under this type of control. The following theorem states that the trajectory f (t) will ultimately
be achieved up to some bound b.
Theorem 7. The equilibrium trajectory of (4) is bounded for
0 )θ̇
for
all t ≥ 0 and ultimately bounded by b = α(λ4mS(r
2
2
2 (G) cos δ)
r0 ∈ Dr (δ) and δ ∈ [0, π2 ), defined in Theorem 3, and where
α ∈ (0, 1) is an arbitrary constant.
Proof: For the rotating case dynamics (4), for a frozen θ [16]
the frozen equilibrium point is r = (In ⊗ R(θ)) f := fθ .
The frozen θ, under the change of variable z = x − fθ ,
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has dynamics żi = gi (z, fθ ), where gi (·) is defined in (2),
and analyzed in Theorem 3. The non-frozen rotating system
consequently has dynamics, for each i ∈ V ,
żi = gi (z, fθ ) −

∂fθ
θ̇.
∂θ

(5)

We proceed to analyze this system as a slow varying system
drawing upon the comparison lemma [16] to show ultiθ
= k(In ⊗ R0 (θ)) f k =
mate boundedness. Note that ∂f
∂θ
2

2

kf k := L. We have c1 kzk ≤ V (z) ≤ c2 kzk , V̇ (z) ≤
2
2
= kzk ≤ c4 kzk, and ∂V
= 0 ≤ c5 kzk ,
−c3 kzk , ∂V
∂z
∂θ
where c3 is defined in (3), c1 = c2 = 21 , c4 = 1, and c5 > 0
(an arbitrary positive constant). Applying Theorem 9.3 in
[16], for ||θ̇|| ≤  and z ∈ D(δ) then the solutions of (5)
are bounded for all t ≥ 0 and ultimately bounded by

(a)

(b)

(c)

(d)

2

b=

c2 c4 L
4m kf k θ̇
=
.
α (c1 c3 − c2 c5 )
α (λ2 (G)2 cos2 δ)

since c5 can be selected arbitrarily small, θ̇ is constant, and
we can let  = θ̇.
Not surprisingly, the bound b in Theorem 7 exhibits similar
features to the convergence rate in Theorem 3. Smaller
bounds are achieved with improved network connectivity,
less edges, smaller scale and closer initial conditions to the
equilibrium trajectory. Further, better bounds are formed with
a slower rotation rate θ̇. These features can
be observed in
(G)2
Figure 6, comparing (a) with larger λ2 m
to (b). When, the
rotation rate is too high the overall formation shape can not
be maintained as observed in Figure 6(d).
The additive control approach explored earlier in the section
can also be combined with a rotation control. An example of
this is displayed in Figure 6(c), with a rotation coupled with
a pure scaling as per Corollary 5.
VI. C ONCLUSION
In this paper, we used a common bearing-only control law
applied to many agents in a decentralized network and
found several properties of the system that are useful to
a human operator. The invariant properties show that the
centroid and scale of an arbitrary system are conserved under
unforced dynamics. We have shown that we can manipulate
the formation to cause rotations, scalings, and translations
using one, two, or all agents. Further, we have demonstrated
strong convergence guarantees for both the static and the
rotating case. In the future works, we plan to extend this work
into three dimensions using a unit quaternion formulation.
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